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Despite its long standing usefulness for the analysis of various processes in intense laser fields,
it is well-known that the so-called strong-field KFR or SFA ansatz does not account for the final-
state Coulomb interaction. Due to its importance for the ubiquitous ionisation process, numerous
heuristic attempts have been made during the last several decades to account for the final state
Coulomb interaction with in the SFA. Also to this end an ad hoc model with the so-called Coulomb-
Volkov final state was introduced a long time ago. However, till now, no systematic strong-field
S-matrix expansion using the Coulomb-Volkov final state could be found. Here we solve this long
standing problem by determining the Coulomb-Volkov Hamiltonian, identifying the rest-interaction
in the final state, and explicitly constructng the Coulomb-Volkov propagator (or Green’s function).
We employ them to derive the complete S-matrix series for the ionisation amplitude governed by
the Coulomb-Volkov final state in all orders. The results are given in both “velocity” and “length”
gauges. We also present a gauge independent version of the Coulomb-Volkov S-matrix series.
INTRODUCTION
Over the past several decades the well-known strong-
field approximation in the form of the so-called KFR or
SFA ansatz [1–3] has provided much fruitful insights into
the highly non-perturbative processes that occur dur-
ing light-matter interaction in intense laser fields. How-
ever, it is also well-known that SFA, based as it is on
the plane-wave Volkov state, does not account for the
Coulomb interaction in the final state. The latter, how-
ever, is specially significant for the ubiquitous ionisation
process. Due to this difficulty, many authors in the past
decades have made various ad hoc corrections to SFA.
One such attempt was to introduce a long time ago [4, 5]
the so-called Coulomb-Volkov state and a heuristic one-
term ionisation amplitude using it. However, till now,
no systematic strong-field S-matrix expansion account-
ing for the final state Coulomb interaction in terms of
the Coulomb-Volkov wavefunction has been found. Here
we solve this long standing problem and derive a system-
atic S-matrix series with the Coulomb-Volkov final-state
in all orders. To this end, we first determine: (i) the exact
Coulomb-Volkov Hamiltonian, (ii) the complete set of lin-
early independent fundamental solutions of the Coulomb-
Volkov Schroedinger equation and, (iii) the associated
Coulomb-Volkov propagator (or Green’s function). They
are employed systematically to derive the S-matrix se-
ries of the ionisation amplitude. The result is presented
in both the so-called “velocity” and the “length” gauges.
We end the paper by presenting also a gauge independent
version of the Coulomb-Volkov S-matrix series.
THREE-INTERACTION FORMALISM
For the present purpose we shall use below a three-
interaction formalism developed earlier in connection
with the so-called intense-field S-matrix theory or IMST
(see, e.g. review [6] or, original references cited therein).
First, we outline the three-interaction technique suitable
for the problem at hand.
The Schroedinger equation of the interacting atom+
laser field is
(ih¯
∂
∂t
−H(t))|Ψ(t)〉 = 0 (1)
where H(t) is the total Hamlltonian of the system,
H(t) = Ha + Vi(t) (2)
For example, for an effective one electron atomic system
interacting with a laser field, we may take
Ha = (
~p2op
2m
−
Ze2
r
+ Vs.r.(~r))
(3)
where Z is the core charge and Vs.r.(~r) is a short-range
potential that goes to zero for asymptotically large r
faster than the Coulomb potential.
The laser-atom interaction is assumed here in the min-
imal coupling gauge (in “dipole” approximation)
Vi(t) = (−
e
mc
~A(t) · ~pop +
e2A2(t)
2mc2
)
(4)
where ~A(t) is the vector potential of the laser field, and
~pop ≡ −ih¯∇.
2Since all information of the interacting system is con-
tained in the full wavefunction Ψ(t) and in general this
is not known explicitly, we shall consider a more use-
ful formal expression of the full wavefunction in terms
of the appropriate partial interactions among the sub-
systems and, the associated sub-propagators (or Green’s
functions). The latter objects may be already known or
could be found to expand the total wavefunction.
Thus, first, we may formally define the full propagator,
G(t, t′), associated with the total Hamiltonian H(t), by
the inhomogeneous equation
(ih¯
∂
∂t
−H(t))G(t, t′) = δ(t− t′). (5)
The solution of the Schro¨dinger equation (1) can then be
expressed as
|Ψ(t)〉 = |φi(t)〉+
∫
G(t, t1)Vi(t1)|φi(t1)〉dt1 (6)
where |φi(t)〉 is a given initial state. We may note here al-
ready that due to the implicit presence of the Heaviside
theta-function in all the propagators (see, for example,
the Volkov propagator given in the sequel) the time in-
tegration limits are always from a given initial time ti
to a given final time tf . The limits of the intermedi-
ate time-integrations are automatically controlled by the
propagators at the appropriate positions by themselves.
Usually the full interaction time interval, tf − ti, is taken
to be long, e.g., from −∞ to +∞. Note, however, that
there is no difficulty in using the theory for a finite or
a very short interaction time e.g. with ultra short laser
pulses, for during the rest of the time (from the lower to
the upper long-time limits) the pulse could be assumed
to be vanishingly small.
In general, as for the full wavefunction, we do not have
explicit knowledge of the full propagator G(t, t′); there-
fore, we intend to re-express it in terms of certain rele-
vant sub-propagators that are already known or would be
found. Clearly, the two most relevant states in any quan-
tum mechanical transition process are the initial state
in which the system is prepared and the final state in
which the system is detected. Since in any ionisation
process the final state interaction is governed by the long-
range Coulomb interaction of the outgoing electron and
the residual ion-core, it is highly desirable that the final
state incorporates the long-range Coulomb interaction
from the beginning. Let us define a final reference Hamil-
tonian Hf (t) that incorporates the final-state Coulomb
interaction in the presence of the laser field. Formally,
the final state propagator is defined as usual by
(ih¯
∂
∂t
−Hf (t))Gf (t, t
′)(t) = δ(t− t′) (7)
Assuming for a moment that a suitable Hf (t) and
Gf (t, t
′) for the present purpose could be found, the total
G(t, t′) can then be re-expressed, in terms of Gf (t, t
′), as
G(t, t′) = Gf (t, t
′) +
∫
Gf (t, t1)Vf (t1)G(t1, t
′)dt1 (8)
Substituting this in |Ψ(t)〉 above we get a “closed” form
expression of the full wavefunction in the form
|Ψ(t)〉 = |φi(t)〉+
∫
dt1Gf (t, t1)Vi(t1)|φi(t1)〉
+
∫
dt2dt1Gf (t, t2)Vf (t2)G(t2, t1)Vi(t1)|φi(t1)〉
(9)
This form of the wavefunction (or state vector) of the
interacting system has been originally derived and dis-
cussed in connection with double ionisation processes
(see, e.g. review [4]). Here we shall make use of it for the
problem at hand. In fact, the transition amplitude (or
the S-Matrix element Sfi) from an initial state, |φi(t)〉,
to a final state 〈ψf (t)| of the system is given, by defini-
tion, by the projection of the final state on to the total
wavefunction evolving from the initial state. Thus, using
the above form of |Ψ(t)〉, we get
Sfi = 〈ψf (t)|Ψ(t)〉
= 〈ψf (t)|φi(t)〉+
∫
dt1〈ψf (t1)|Vi(t1)|φi(t1)〉
+
∫
dt2dt1〈ψf (t2)|Vf (t2)G(t2, t1)Vi(t1)|φi(t1)〉
+ ... (10)
This is a specially convenient general form of a transi-
tion amplitude from which to generate the desired ex-
pansion of the ionisation amplitude. Now, G(t, t′) may
be expanded in terms of any suitable intermediate sub-
propagator and the corresponding intermediate interac-
tion (without affecting the choice of the initial and the
final states and the respective rest-interactions). Here we
choose the strong-field Volkov propagator GV ol(t, t
′) to
expand the full G appearing in the intermediate position
in the expression above.
The Volkov Hamiltonian is given by the interaction of
the free-electron with the laser field only, or
HV ol(t) = (
~p2op
2m
−
e
mc
~A(t) · ~p+
e2A2(t)
2mc2
) (11)
The solution of the corresponding Schoedinger equation
is easily found
ψ~p(~r, t) = 〈~r|~p〉e
− i
h¯
∫
t
p2
t′
/(2m)dt
′
(12)
where ~pt ≡ (~p−
e
c
~A(t)) and 〈~r|~p〉 = e
i
h¯
~p·~r is a plane wave
of momentum ~p.
3The Volkov propagatorGV ol(t, t
′) is the solution of the
inhomogeneous equation
(ih¯
∂
∂t
− (
~p2op
2m
−
e
mc
~A(t) ·~p+
e2A2
2mc2
))GV ol(t, t
′) = δ(t− t′)
(13)
In terms of the Volkov states it is given explicitly by:
GV ol(t, t
′) = −
i
h¯
θ(t− t′)
∑
~p
1
L3
|~p〉e
− i
h¯
∫
t
t′
p2
t”
2m dt”〈~p| (14)
Using the Volkov propagator we can expand
G(t, t′) = GV ol(t, t
′) +
∫
GV ol(t, t1)V0(t1)GV ol(t1, t
′)dt1
+ · · · . (15)
The associated rest-interaction V0(t) is accordingly de-
fined by
V0(t) = H(t)−HV ol(t)
= (−
Ze2
r
+ Vs.r(~r)) (16)
(which is time independent in the present case).
Since the initial state belongs to the atomic Hamilto-
nian Ha, therefore, the initial rest-interaction Vi(t) is, as
indicated earlier, simply
Vi(t) = H(t)−Ha
= (−
e
mc
~A(t) · ~pop +
e2A2
2mc2
) (17)
For the final state, we intend to take account of the
long-range Coulomb interaction explicitly. One such
state that takes the final state Coulomb interaction into
account is the so-called “Coulomb-Volkov” state. It has
been originally introduced a long time ago [4] by taking
the usual stationary Coulomb-wave [7] and augmenting
it heuristically by the time- dependent Volkov-phase:
Φ~p(~r, t) = φ
(−)
~p (~r)e
− i
h¯
∫
t
( p
2
2m−
e
c
~A(t)·~pop+
e2A2(t)
2mc2
)dt′ (18)
The stationary Coulomb waves, φ
(−)
~p (~r), belong to the
hydrogenic or, asymptotic Coulomb Hamiltonian HCou,
HCou = Ha − Vs.r.(~r)
= (
~p2op
2m
−
Ze2
r
) (19)
They are given by [7]
φ
(−)
~p (~r) =
1
L
3
2
e
π
2 ηpΓ(1 + iηp)e
i
h¯
~p·~r
× 1F1(−iηp, 1,−i(pr + ~p · ~r)) (20)
We have assumed them to be normalised in a large
volume L3 with the understanding that, limit L →
∞,
∑
~s(· · ·) ≡ (
L
2π )
3
∫
d3s(· · ·); ~pop ≡ −ih¯~∇, and ηp ≡
Zh¯
a0p
is the so-called Sommerfeld parameter; a0 = Bohr
radius = h¯
2
me2 . Note that the ingoing “minus” Coulomb
wave is chosen above, which is appropriate for the ion-
isation final state. (The outgoing “plus” wave, relevant
e.g. for the laser assisted scattering problem, is related
to the “minus” wave by φ
(+)
~p (~r) = φ
(−)∗
−~p (~r).)
Note that the ansatz (18) does not fully satisfy the
Schroedinger equation of the interacting system (1). It
is interesting, therefore, to ask: what is the Hamiltonian
or the Schroedinger equation of which the “Coulomb-
Volkov” state, Eq. (18), is an exact solution? Es-
sentially it is the lack of this information that has so
far hindered the development of a systematic Coulomb-
Volkov S-matrix theory where the final-state Coulomb
interaction is taken account of through the Coulomb-
Volkov state in all orders. Therefore, to proceed fur-
ther we shall first determine the Coulomb-Volkov Hamil-
tonian (to be denoted HCV below) and the complete
set of linearly independent solutions of the associated
Schroedinger equation. This would allow us to construct
both the Coulomb-Volkov propagator, GCV , and to iden-
tify the rest-interaction in the final state with respect to
the Coulomb-Volkov Hamiltonian HCV .
COULOMB–VOLKOV HAMILTONIAN AND
PROPAGATOR
To determine the Hamiltonian HCV (t) to which the
Coulomb-Volkov state belongs, we introduce a vector op-
erator defined by
~πc ≡
∑
~s
|φ~s〉~s〈φ~s| (21)
where |φ~s〉 stands for the Coulomb continuum waves with
momentum ~s (cf. Eq. (20)).
Consider next the exponential operator
T (~πc) = e
i~α(t)·~πc (22)
where ~α(t) = emc
∫ t ~A(t′)dt′. By expanding the exponen-
tial as a power series and using the projection operator
nature of the individual terms, it can be reduced to the
simple form
T (~πc) = 1−
∑
~s
|φ~s〉(1− e
i~α(t)·~s)〈φ~s| (23)
We can write the Coulomb-Volkov Hamiltonian
HCV (t) with the help of the operator ~πc,
HCV (t) =
~p2op
2m
−
Ze2
r
+
e2A2(t)
2mc2
−
e
mc
~A(t) · ~πc (24)
The corresponding Schroedinger equation is
ih¯
∂
∂t
Φj(t) = (
~p2op
2m
−
Ze2
r
+
e2A2(t)
2mc2
−
e
mc
~A(t) · ~πc)Φj(t)
(25)
4The complete set of linearly independent solutions of Eq.
(25) is
|Φj(t)〉 = e
− i
h¯
∫
t
(Ej+
e2A2(t′)
2mc2
)dt′+ i
h¯
~α(t)·~πc |φj〉 (26)
where j ≡ ~p, stands for the momentum ~p of the Coulomb
wave state |φ
(−)
~p 〉 and j ≡ D stands for the discrete in-
dices of the bound states |φD〉 of the Coulomb potential.
To establish that Eq.(26) indeed satisfies Eq. (25), let
us first consider the case {j ≡ ~p} and use Eq. (23) to
calculate,
e
i
h¯
~α(t)·~πc |φ~p〉 = T (~πc)|φ~p〉
= |φ~p〉 −
∑
~s
|φ~s〉(1 − e
i
h¯
~α(t)·~s)〈φ~s|φ~p〉
= |φ~p〉 − |φ~p〉(1− e
i
h¯
~α(t)·~p)
= e
i
h¯
~α(t)·~p|φ~p〉 (27)
Also we have
−
e
mc
~A(t) · ~πc|φ~p〉 = −
e
mc
~A(t) · ~p|φ~p〉 (28)
Thus, substituting Eq. (26) in Eq. (25) for the contin-
uum case we get on the left hand side
l.h.s. = e−
i
h¯
(
∫
t
(Ep+
e2A2(t′)
2mc2
)dt′−~α(t)·~p)
× (Ep +
e2A2(t)
2mc2
− ~˙α(t) · ~p)|φ~p〉 (29)
and on the right hand side
r.h.s. = e−
i
h¯
(
∫
t
(Ep+
e2A2(t′)
2mc2
)dt′−~α(t)·~p)
× ((
~p2op
2m
−
Ze2
r
) +
e2A2(t′)
2mc2
− ~˙α · ~p)|φ~p〉 (30)
Noting that ~˙α(t) = emc
~A(t) and Ha|φ~p〉 = Ep|φ~p〉, where,
Ep =
p2
2m , one easily sees that the l.h.s = r.h.s and hence
the given solution is exactly fulfilled. In a similar way it
is seen that
T (~πc)|φD〉 = |φD〉 −
∑
~s
|φ~s〉(1 − e
i
h¯
~α(t)·~s)〈φ~s|φD〉
= |φD〉+ 0 (31)
since, the overlap integral between the discrete and the
continuum eigenstates of the Coulomb Hamiltonian van-
ish by orthogonality, 〈φ~s|φD〉 = 0. Hence, on substituting
Eq. (26) in Eq.(25) in the discrete case we get
l.h.s. = e−
i
h¯
∫
t
(ED+
e2A2(t′)
2mc2
dt′+0)
× (ED +
e2A2(t)
2mc2
+ 0)|φD〉 (32)
and
r.h.s. = e−
i
h¯
(
∫
t
(ED+
e2A2(t′)
2mc2
)dt′+0)
× ((
~p2op
2m
−
Ze2
r
) +
e2A2(t′)
2mc2
+ 0)|φD〉 (33)
Moreover, (
~p2op
2m −
Ze2
r )|φD〉 = ED|φD〉 and, hence, the
l.h.s = r.h.s and the verification is complete.
To summarise, the complete set of solutions of the CV-
Schroedinger equation defined by (25) is given by Eq.(26)
or, more expicitly by
Φ
(−)
~p,D(~r, t) = φ~p,D(~r)e
− i
h¯
∫
t
( p
2
2m+
A(t′)2
2mc2
−( e
c
~A(t′)·~p)δ~p,D)dt
′
(34)
where for the continuum states |φ~p〉 of momentum ~p one
has the Coulomb waves (20) and, for the discrete states
|φD〉 one has the well known bound states of the hydro-
genic atom,
φD≡(nlm)(~r) = NnlRnl(r)Ylm(θ, φ)
Rnl(r) = (2κnr)
le−κnr1F1(−n+ l + 1, 2l+ 2, 2κnr)
Nnl =
(2κn)
3/2
Γ(2l+ 2)
√
Γ(n+ l + 1)
2nΓ(n− l)
(35)
where κn =
Z
na0
=
√
−2mED
h¯2
.
Having thus found the explicit form of both HCV (t),
Eq. (24), and the complete set of solutions (26) (or, alter-
natively, Eqs. (34) of the Coulomb-Volkov Schroedinger
equation (25), we can explicitly express the associated
Coulomb-Volkov propagator GCV (t, t
′),
G
(±)
CV (t, t
′) = −
i
h¯
θ(t− t′)
× {
∑
~p
|φ
(±)
~p 〉e
− i
h¯
∫
t
t′
(~p− e
c
~A(t′′)2
2m dt
′′
〈φ
(±)
~p |
+
∑
nlm
|φnlm〉e
− i
h¯
∫
t
t′
(Enl+
e2A2(t′′)
2mc2
)dt′′
〈φnlm|}
(36)
COULOMB-VOLKOV S-MATRIX SERIES
We are now ready to obtain the desired S-matrix am-
plitude. With the knowledge of HCV (t), Eq. (24), the
final-state rest-interaction turns out to be,
VCV (t) = H(t)−HCV (t)
= (−
e
mc
~A(t) · (~pop − ~πc) + Vs.r.(~r)) (37)
We substitute the following quantities into the S-matrix
amplitude (10): the initial and the final rest-interactions,
Vi, Eq. (4) and VCV , Eq. (37), the expansion of the
full G(t, t′) in terms of the Volkov propagator, Eq. (15),
and the corresponding rest-interaction V0, Eq.(16). This
immediately yields,
Sfi = 〈Φ~p(t)|φi(t)〉 −
i
h¯
∫
dt1〈Φ~p(t1)|Vi(t1)|φi(t1)〉
−
i
h¯
∫
dt2dt1〈Φ~p(t2)|(−
e
mc
~A(t2) · (~pop − ~πc) +
5+ Vs.r.(~r2))GV ol(~r2, t2;~r1, t1)Vi(t1)|φi(t1)〉
· · · (38)
Thus, finally, we have arrived at the systematic S-
matrix series for the strong-field ionisation amplitude,
that explicitly accounts for the Coulomb final state in-
teraction in all orders in terms of the Coulomb-Volkov
final state. We quote the first three terms fully and give
a simple rule for constructing all the higher order terms
Sfi =
∞∑
n=0
S
(n)
fi (39)
S
(0)
fi = 〈Φ~p(~r, t)|φi(~r, t)〉 (40)
S
(1)
fi = −
i
h¯
∫
dt1〈Φ~p(~r1, t1)|
× (−
e
mc
~A(t1) · ~pop +
e2A2(t1)
2mc2
)|φi(~r1, t1)〉
(41)
S
(2)
fi = −
i
h¯
∫
dt2dt1〈Φ~p(~r2, t2)|
× (−
e
mc
~A(t2) · (~pop − ~πc) + Vs.r.(~r2))
× GV ol(~r2, t2;~r1, t1)
× (−
e
c
~A(t1) · ~pop +
e2A2(t1)
2mc2
)|φi(~r1, t1)〉 (42)
S
(3)
fi = −
i
h¯
∫
dt3dt2dt1〈Φ~p(~r3, t3)|
× (−
e
mc
~A(t3) · (~pop − ~πc) + Vs.r.(~r3))
× GV ol(~r3, t3;~r2, t2)(−
Ze2
r2
+ Vs.r.(~r2))
× GV ol(~r2, t2;~r1, t1)
× (−
e
mc
~A(t1) · ~pop +
e2A2(t1)
2mc2
)|φi(~r1, t1)〉 (43)
· · ·
where the angle brackets stand for the integration with
respect to the space coordinates and “ · · · ” stands for the
higher orders terms that can be written down easily. The
simple rule is to follow the structure of the third order
term and to supply an extra intermediate factor GV olV0
and an extra time integration, in each successive order,
to all orders.
STRONG-FIELD S-MATRIX FOR
SHORT-RANGE POTENTIALS
En passant it is interesting to consider the S-matrix
expansion of the strong-field amplitude for a system with
an asymptotically short range potential. This can be
obtained simply by taking the limit Z = 0 in the result
derived above. In this limit, the Coulomb waves φ~p(~r)
reduce to the plane waves e
i
h¯
~p·~r and the Coulomb-Volkov
state Φ~p(~r, t) (Eq. (18)) reduces to the Volkov state (Eq.
(12)). Moreover, the final-state interaction in all terms,
beginning with the second order term, reduces to the
short range potential Vs.r.(~r) only due to the following
simplification
〈~p|(−
e
mc
~A(t) · (~pop − ~πc) + Vs.r.(~r))
= (−
e
mc
~A(t) · (~p− ~p)〈~p|+ 〈~p|Vs.r.(~r))
= 〈~p|Vs.r.(~r) (44)
Also, for Z = 0, the intermediate rest-interaction, V0, in
all terms (beginning with the second order term) reduces
to the short-range potential Vs.r.(~r). Hence, in general,
the Coulomb-Volkov S-matrix series, Eq. (38), goes over
to the simpler series for Z ≡ 0:
Sfi = 〈ψ~p(t)|φi(t)〉 −
i
h¯
∫
dt1〈ψ~p(t1)|Vi(t)|φi(t)〉
−
i
h¯
∫
dt2dt1〈ψ~p(t2)|Vs.r.(~r2)GV ol(~r2, t2;~r1, t1)
× Vi(t1)|φi(t)〉
−
i
h¯
∫
dt3dt2dt1〈ψ~p(t3)|Vs.r.(~r3)GV ol(~r3, t3;~r2, t2)|
× Vs.r.(~r2)GV ol(~r2, t2;~r1, t1)Vi(t1)|φi(t1)〉
+ · · · . (45)
This series provides a self-consistent strong-field S-matrix
expansion for the case of asymptotically neutral systems
with effective core charge Z = 0, e.g. for electron-
detachment from negative ions.
COULOMB-VOLKOV S-MATRIX SERIES IN
LENGTH GAUGE
There is no difficulty in obtaining the Coulomb-Volkov
series in the so-called “length gauge”. It can be obtained
by starting with the Schroedinger equation of the inter-
acting system in length gauge and following an analogous
procedure as used above. Or more simply, we may ob-
tain it by a gauge transformation of the results already
derived above in the velocity gauge. For the sake of clar-
ity we shall denote the quantities in length gauge below
by the superscript L. The Schroedinger equation of the
interacting atom+ laser field, in the length gauge, is
(ih¯
∂
∂t
−H(L)(t))Ψ(L)(t) = 0 (46)
where H(L)(t) is the total Hamlltonian of the system
given by
H(L)(t) = Ha − e ~F (t) · ~r (47)
6As before Ha is the initial atomic Hamiltonian (3) and,
~F (t) ≡ − 1c
~˙A(t) is the electric field strength. Obviously,
the initial interaction is
V
(L)
i (t) = H
(L) −Ha
= −e ~F (t) · ~r (48)
The full wavefunction Ψ(L)(~r, t) in the length gauge
can be obtained by the gauge transformation
Ψ(L)(~r, t) = e−
i
h¯
e
c
~A(t)·~rΨ(~r, t) (49)
Similarly by gauge transforming the CV-Schroedinger
equation given by Eq. (25) in the velocity gauge, we
determine the corresponding CV- Schroedinger equation
and the CV-Hamiltonian in the length gauge. Thus, the
gauge transformation of Eq. (25) is
e−
i
h¯
e
c
~A(t)·~r[ih¯
∂
∂t
−HCV (t)]e
i
h¯
e
c
~A(t)·~r
= (ih¯
∂
∂t
−H
(L)
CV (t)) (50)
where a short calculation with HCV , Eq.(24), explicitly
gives the desired length gauge Coulomb-Volkov Hamilto-
nian H
(L)
CV (t)
H
(L)
CV (t) = Ha − e
~F (t) · ~r +
e ~A(t)
mc
· (~pop +
e ~A(t)
c
− ~π(L)c )
(51)
with
~π(L)c = e
− i
h¯
e ~A(t)
c
·~r[~πc]e
i
h¯
e ~A(t)
c
·~r
=
∑
~s
|φ
(L)
~s 〉~s〈φ
(L)
~s | (52)
and
〈~r|φ
(L)
~s 〉 = e
− i
h¯
e ~A(t)
c
·~rφ~s(~r) (53)
Therefore, the Coulomb-Volkov Schroedinger equation in
length gauge is
(ih¯
∂
∂t
−H
(L)
CV (t))|Φ
(L)
j (t)〉 = 0 (54)
The corresponding complete set of linearly independent
solutions of the CV-Schroedinger equation in length
gauge are
|Φ
(L)
j (t)〉 = e
− i
h¯
∫
t
(Ej+
e2A2(t′)
2mc2
)dt′+ i
h¯
~α(t)·~π(L)c |φ
(L)
j 〉(55)
or, equivalently,
Φ
(L)
~p (~r, t) = e
− i
h¯
∫
t
(Ep+
e2A2(t′)
2mc2
)dt′+ i
h¯
~α(t)·~p
× e−
i
h¯c
~A(t)·~rφ
(±)
~p (~r) (56)
where φ
(±)
~p (~r) are the out-going (+) or the in-going (-)
Coulomb waves and,
Φ
(L)
D (~r, t) = e
− i
h¯
∫
t
(ED+
e2A2(t′)
2mc2
)dt′
e−
i
h¯c
~A(t)·~rφD(~r) (57)
where j ≡ D stands for the discrete eigenfunctions φD(~r)
of the hydrogenic Hamiltonian. Thus, the Coulomb-
Volkov propagator in length gauge can be written down
as
G
(L)
CV (t, t
′) = −
i
h¯
θ(t− t′)
× {
∑
~p
|φ
(±)
~p 〉g(t)e
− i
h¯
∫
t
t′
(~p− e
c
~A(t′′)2
2m dt
′′
g(t′)〈φ
(±)
~p |
+
∑
nlm
|φnlm〉e
− i
h¯
∫
t
t′
(Enl+
e2A2(t′′)
2mc2
)dt′′
〈φnlm|}.(58)
where g(t) ≡ e−
e
c
~A(t)·~r.
In the length gauge, the intermediate Volkov Hamilto-
nian is
H
(L)
V ol(t) = (
~p2op
2m
− e ~F (t) · ~r) (59)
and the well-known associated Volkov propagator is
G
(L)
V ol(~r, t;
~r′, t′) = −
i
h¯
θ(t− t′)
×
∑
~p
1
L3
e
i
h¯
~pt·~re
− i
h¯
∫
t
t′
p2
t”
2m dt
′′
e−
i
h¯
~pt′ ·
~r′
(60)
where ~pt ≡ ~p−
e
c
~A(t).
The intermediate rest-interaction in length gauge is
then
V
(L)
0 (t) = H
(L)(t)−H
(L)
V ol(t)
= (−
Ze2
r
+ Vs.r.(~r)) (61)
Finally, we may gauge transform the CV interac-
tion Hamiltonian VCV (t), Eq. (37), given in the veloc-
ity gauge above, to get the Coulomb-Volkov interaction
Hamiltonian in the length gauge
V
(L)
CV (t) = e
− i
h¯
e ~A(t)
c
·~r[VCV (t)]e
i
h¯
e ~A(t)
c
·~r
= −
e ~A(t)
mc
· (~pop +
e ~A(t)
c
− ~π(L)c ) (62)
where
~π(L)c = e
− i
h¯c
~A(t)·~r[~πc]e
i
h¯c
~A(t)·~r (63)
Having thus derived the Coulomb-Volkov Hamiltonian,
Eq.(51), in the length gauge as well as the initial- and
the final-state rest interaction Hamiltonians, Eqs. (48)
and (62), and using the Volkov propgator, G
(L)
V ol, and
associated intermediate interaction, V
(L)
0 , we can now
obtain the Coulomb-Volkov S-matrix series in the length
gauge in an exactly analogous way as before. We may
therefore simply quote the final result below,
S
(L)
fi =
∞∑
n=0
S
(L;n)
fi (64)
7S
(L;0)
fi = 〈Φ
(L)
~p (~r, t)|φi(~r, t)〉 (65)
S
(L;1)
fi = −
i
h¯
∫
dt1〈Φ
(L)
~p (~r1, t1)(−e
~F (t1) · ~r1)|φi(~r1, t1)〉
(66)
S
(L;2)
fi = −
i
h¯
∫
dt2dt1〈Φ
(L)
~p (~r2, t2)|
× (−
e
mc
~A(t2) · (~pop +
e ~A(t2)
c
− ~πL)c ) + Vs.r.(~r2))
× G
(L)
V ol(~r2, t2;~r1, t1)(−e
~F (t1) · ~r1)|φi(~r1, t1)〉 (67)
S
(L;3)
fi = −
i
h¯
∫
dt3dt2dt1〈Φ
(L)
~p (~r3, t3)|
× (−
e
mc
~A(t3) · (~pop +
e ~A(t3)
c
− ~π(L)c ) + Vs.r.(~r3))
× G
(L)
V ol(~r3, t3;~r2, t2)(−
Ze2
r2
+ Vs.r.(~r2))
× G
(L)
V ol(~r2, t2;~r1, t1)(−e
~F (t1) · ~r1)|φi(~r1, t1)〉 (68)
· · ·
As before, the angle brackets stand for the integration
with respect to the space coordinates and “ · · · ” stands
for the higher orders terms. They follow the same pattern
as the third order term but are simply extended by an
extra intermediate factor G
(L)
V olV
(L)
0 and an extra time
integration in each successive order, to all orders.
CONCLUDING REMARKS
We may conclude with a few remarks.
(a) The first order term in the present series (Eq.
(66) or Eq. (41)) reproduces the heuristic expression
introduced a long time ago [4, 5] and justifies it as a
lowest order contribution.
(b) Beginning with the second order term the present
theory opens up the possibility of systematic investiga-
tions of the role of final-state Coulomb interaction in
re-scattering processes in a wide range of strong-field
phenomena, including the investigations of the low and
very low energy structures [8–10] as well as a structure
observed at/near the threshold, the so-called zero-energy
structure (ZES) [11]. Despite some recent theoretical
progress in their interpretation (cf. e.g. [12–14] &
related references cited therein) it appears that, these
structures remains to be fully understood. Thus, for
example, the specific role played by the asymptotically
long-range (Coulomb) and the short-range parts of
the atomic potential in their formation, their actual
numbers, or the actual “threshold law” of strong-field
ionisation process, are yet to be well understood.
(e) A gauge independent form of the Coulomb-Volkov
S-matrix series can be also derived using the present
method. This would be done and discussed in details
elsewhere. Here we simply quote the final result for the
ionisation amplitude Afi:
Afi =
∞∑
n=0
A
(n)
fi × e
− i
h¯
Eiti (69)
A
(0)
fi = 〈Φ~p(~r, ti)Φi(~r, ti)〉 (70)
A
(1)
fi = −
i
h¯
∫
dt1〈Φ~p(~r1, t1)|
× (−
e
mc
~A(t1) · (~pop − ~πc) + Vs.r.(~r1))|Φi(~r1, t1)〉
(71)
A
(2)
fi = −
i
h¯
∫
dt2dt1〈Φ~p(~r2, t2)|
× (−
e
mc
~A(t2) · (~pop − ~πc) + Vs.r.(~r2))
× GCV (~r2, t2;~r1, t1)
× (−
e
mc
~A(t1) · (~pop − ~πc) + Vs.r.(~r1))
× |Φi(~r1, t1)〉 (72)
A
(3)
fi = −
i
h¯
∫
dt3dt2dt1〈Φ~p(~r3, t3)|
× (−
e
mc
~A(t3) · (~pop − ~πc) + Vs.r.(~r3))
× GCV (~r3, t3;~r2, t2)
× (−
e
mc
~A(t2) · (~pop − ~πc) + Vs.r.(~r2))
× GCV (~r2, t2;~r1, t1)
× (−
e
mc
~A(t1) · (~pop − ~πc) + Vs.r.(~r1))|Φi(~r1, t1)〉
(73)
· · ·
where the angle brackets stand for the integration with
respect to the space coordinates and “ · · · ” stands for
the higher orders terms that can be written down eas-
ily. The simple rule is to follow the structure of
the third order term and to supply an extra factor
“GCV (~rn+1, tn+1;~rn, tn)Vf (~rn, tn)”, along with the cor-
responding space-time integration (over d~rndtn+1), for
each successive n = 3, 4, 5, .... to all orders, where, we
note that
GCV (~r, t;~r
′, t′) = −
i
h¯
θ(t− t′)
×
∑
j,~k
Φj,~k(~r, t)Φ
∗
j,~k
(~r′, t′)| (74)
8Φj,~k(~r, t)〉 = e
− i
h¯
∫
t
(E
j,~k
+
e2A2(t′)
2mc2
−( e
mc
~A(t′)·~k)δ
j,~k
dt′
× φj,~k(~r) (75)
Vf (~r, t) = −
e
mc
~A(t) · (~pop − ~πc) + Vs.r.(~r) (76)
|Φi(t)〉 = e
− i
h¯
∫
t
(Ei+
e2A2(t′)
2mc2
)dt′ |φi〉 (77)
|φi(t)〉 = e
− i
h¯
Eit|φi〉 (78)
and ~πc is given by Eq. (21). Above, we have set the
values of the vector potential ~A(ti) = ~A(tf ) = 0 (and
~F (ti) = ~F (tf ) = 0) at the beginning and at the end of
the laser pulse.
(d) The explicit expression of the Coulomb-Volkov
propagator derived here (Eq. (36) or ((58)) as well as
the series (69) suggest that the theory could be used,
as needed, to clarify the role of strong-field excitation
processes involving the discrete states, either as the
final state or as the mediating intermediate states or,
both. For example, it could be used to gain insight into
the problem of “frustrated” vs. increased ionisation,
observed some time ago e.g. [15]) and more recently
with respect to ionisation near the threshold (e.g. [10]).
(e) The probability of ionisation (Pfi(~p)) by an ultra-
short pulse of duration tf − ti, is given simply by the
absolute square of the amplitudes derived above:
Pfi(~p) = |Sfi|
2(or|Afi|
2) (79)
For a long pulse (with an effectively constant field ampli-
tude) it is useful to first Fourier transform the periodic
part of the S-matrix amplitude and rewrite
Sfi(t) = −
i
h¯
∞∑
n=−∞
∫ tf
ti
dte
i
h¯
( p
2
2m+Up+|Ei|−nh¯ω)tT
(n)
fi (~p)
(80)
Then the quantity of interest is the ionisation rate (i.e.
the probability of ionisation per unit interaction time
(tf − ti >>
2π
ω ) which can be determined from the for-
mula
Rfi(~p) =
∞∑
n=n0
∑
~p
2π
h¯
|T
(n)
fi (~p)|
2
× δ(
p2
2m
+ Up + |Ei| − nh¯ω) (81)
where n0 = [
p2
2m+Up+|Ei|)
h¯ω ]int. + 1, Up =
e2F 2
4mω2 , is the
ponderomotive energy, F is the peak field strength and
ω is the laser frequency.
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